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ON THE DIFFRACTION OF SHOCK WAVES
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(Moscow)
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It is shown that for sufficiently large values of the adiabatic exponent of a gas the solu-
tion of the problem of diffraction of an arbitrarily intense shock wave at a small angle is
of a form different from the usual one, and that the solution of this problem takes three
forms in the general case, The corresponding pressure formulas for the case in question
are derived,

The problem of diffraction of an arbitrarily intense shock wave at a small angle was
first investigated by Lighthill [1], who, however, did not go so far as to obtain complete
analytic solution, This was one of the factors which led Ting and Ludloff [2] to recon-
sider the problem using a different method of solution, These authors succeeded in
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obtaining analytic formulas for the pressure, According to Ludloff [3], the formula for
the pressure in the case of supersonic flows behind the advancing shock is a sum of four
terms containing arc cosines, In the case of subsonic flows behind the advancing shock
two of the terms containing arc cosines must be replaced by suitable terms containing
hyperbolic arc cosines, From the standpoint of formula structure, this would imply the
existence of just two forms of the solution of the problem in the general case,

It was subsequently shown in [4] that the Lighthill method can also be used to general-
ize the problem all the way to complete analytic formulas, This was demonstrated by
deriving both forms of the solution for the pressure at the diffracted surface mentioned
in [3].

Further analysis using the Lighthill method showed, however, that the two forms in
question are generally applicable only if the values of the adiabatic exponent are not
too large. We propose to show that there exists an entire domain in the plane M,y
(where y is the adiabatic exponent of the gas and M, is the Mach number behind the
advancing shock) where the solution of the problem assumes a third form different from
those noted in [3].

1, Let a plane shock wave of arbitrary intensity propagate at the velocity {J in a qui-
escent medium bounded by a wall which veers off at a small angle § at some point
(Fig.1). On reaching the vertex of this angle, the shock wave experiences diffraction
with the formation of an unsteady flow zone (Mach reflection occurs if § << 0),

g y

Fig, 1 Fig, 2 Fig, 3

In the case of subsonic flow behind the advancing shock the unsteady flow zone is of
the form shown in Fig, 2; The form of this zone for a supesonic flow is shown on Fig, 3.
The self-similar coordinates x, y are related to X, Y by the equations

where y, and a, are the velocities of gas and sound, respectively, behind the advancing
shock, and where the time ¢ is measured from the instant of arrival of the shock at the
vertex,

The domain ABC A is defined by the relations
y>0,2<k, 20— (r = 1) (4.1

Here M is the Mach number of the shock advancing on the angle; EN AE in Fig, 3
is the zone of stable Prandtl-Mayer flow,
The successive transformations

1) z=rcosB, y=rsinh, 2)0,=0, p=[1—({1—rdnrt
3) zmi=(k+ik){i—[2K'C—k—ik)1)}, k' =VI—F, [=pe®

2?4y <1, k=[(‘y—1)M2+2]‘/’ (M:i)
ao
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map the domain ABCA into the upper half-plane of the complex plane z;. In the
plane z; the shock BC corresponds to the segment z; > 1 of the real axis; the segment
CA corresponds 1o the real-axis segment — 1 <C z; << 1 ; the circular arc AB cor-
responds to the real-axis segment z; < —1. The vertex of the angle has the coordinate
M+ kP + (M2 — 1) (1 — k?)
Mk 1y

Linearization of the corresponding equations of motion reduces the boundary value

problem under consideration to the analysis of the quantity

P:e— D1
p:——_.

piuiay
which satisfies the differential equations

Ty = —

for —1<<a <1, y, =0 (atthe wall), and

op _ &8 [ D (21 — z0) — 1] _F 1
oz (@ —20) (1 — 2 [0 4 (1 — 2)"] B+ (4 — 21)"*] 1(=) (1.2)

for 1 <2, < o0, y, =0 (atthe shock BC)

%o (31— z0) (@ A o) B — A+ ey @t ) )

Here p,is the pressure in the unsteady flow zone and p, is the density behind the
advancing shock ;

a=V2M(Mk-+VME—1), B=V2M Mk + VMU 1) (1.4)
a+B4p (Mik+ 14?2 @@ +p@ -+ 2
b= [ T +2BM1(M1+1¢)” B ]
_ et —z)" B+ — = =1|1~zoz|"' _ Y2tk
- a1 —M12|'/’ - Mk +1

B_ _tner—y
2[ = DM 2]

We note that the above relations were generalized for an arbitrary y in [4]; in [1] the
quantity 9 is assumed from the very beginning to have the value 1, 4.

2. Expression (1,2) yields the following equation for the pressure at the wall:

1
— 28 _ R+ a (2.4)

where C, is an integration constant which must be determined,
Let us consider integral term (2,1), Setting z; == 1 — &2, we obtain

dzy aydg aydE
F S __z3 [r—————
ZeSS 1(%y (§)) dE = S(a—}—g) Vg S(B+g) V=T -+
asd? adt A VITo -
+S(7»+£)V2—'&—2+S(A~g)1/2—_‘_‘gi h=V1T—=) (2.2)
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4 — DE—A)+1 D@ —A)+1 _ 1 (cont,)
1= e BT W _mE—w ' BT T BE—NE—h
1
e N RS VYY)

We denote the integrals in the right side of (2.2) by Jv (§ (7)) = J, (z) (v = 1,
..., 4). Expressions (2, 1) and (2.2) now give us

4
& V@ dn =23 J.() (2.3)
v=1
We can show that
_ e . 24aVi=m 9.4
Ji(z) = V=3 arc sin Viat Viee (2.4)
for any M,and 7.
Again tor any y we have (2.5)
Js (z) = —%as In @, (7,), Jy(z) = yanjo_(z)] M, <1)
J3 (%)) = — iyas arcsin®, (z,), Jo (z;) = ixa, arc sin 6_(z;) (M1 >1)
(2.6)
_ _ 2+ VA== d—=)
k= V1+xo ! ej:(xl) Vz_(V1—Ioj: Vi—xl)
oy (o) = 2CEVE—=) T —a)+ VA F2) A +2)
Lt Vi—a+ Vi—z

3, Let us consider the integral J, (x;) separately, To this we make the substitution

E=1v—p in J3 (). Then

dg _ dv
o\ srovis ~ o\ v G4

We can show that the discriminant of the radicand in (3, 1) is always negative, More-
over,(1,4) and (1,1) imply that § = B (M, 7),so that 2 — B2 can be regarded as
some function of M? and y. If the plane M2y contained some curve at which 2 —
— B2 = 0, then it would clearly be the boundary between the domains where 2 —
— P2<< 0 and 2 — B2 > 0. Let us show that such a curve does indeed exist,

Making use of (1,4), we can rewrite the condition 2 — $2 < 0 as

oMk Y ME — 1 < M — 2M?K* -1 (3.2)
We can show that the right side of (3, 2) is always positive, Explicit expression (1, 1)
for / ,enables us to rewrite this condition in the form
2 37
2 W) — a__ 2=V ar2__ 3.3
F(MYy) =g M'— = M*—1>0 (3.3)
Since F (M2, y) = O for M2 = 1 and M? = 1/, (1 — y), and since 1 —y <0,
it follows that the function F (M2, y) has a definite sign in the domain of physical
values of M? (more precisely,in that part of the plane M2y where M2 > 1), In addi-
tion, since limF(Mz,'r) = oo (M2 — o)
we infer from this that F (M2, y) > 0, i.e, that the right side of (3, 2) is positive-
definite,
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The left side of (3,2) is also always positive, since, as is easy to show that Mk > 1.
Hence, both sides of (3,2) can always be squared without violating the inequality, Con-
dition (3, 2) can then be written in the equivalent form

AMAE? << M* +2M2 + 1 (3.4)
Making use of explicit expression (1,1) for k, we find from (3, 4) that
AMS (v — 1) M2 4 2] 4 9 .
=1 < M*+2M + 1 (3.9)

Since it is always the case that 2yM? — (y — 1) > 0, condition (3. 5) can be
written as o (2— ) M® £ @By—T)M* +2M* —(y —1) >0 (3.6)
The left side of (3. 6) is a third-degree polynomial in M2. We can show that one of

its roots is equal to (y — 1) [2 (2 — ¥)]1-! and the two other roots to unity, Hence,
the condition 2 — P2 <C 0 can now be written in its final form

_ 2 gyl _¥—1 :
2(2— 1) (M2 — 1) (M? — =) >0 (3.7)
The condition 2 — 2 = 0 is associated with the curves
—1
=2 M=l =h (3.8)

in the plane M2y, Figure 4 shows these curves for the range of physical values of M2,
(We note that f, (5/5) = 1,and f; (2) = o0.)

My

M)

¥
17

p /

|
2 | ()

|
|

0 l -

/ 532

Fig, 4 Fig, 5

Expression (3, 7) implies directly that 2 — B2 << 0 to the left of the curve f; (v),
i.e, in domains (1) and (2). In domain (3) (except at the curve y = 2) we always have
2 —-p2>0.

Figure 4 also shows the curve f, (y), at which M, = 1. This curve can be obtained
by setting M= 1 in the familiar expression

M, = 200 ) (3.9)
Vot —(x —= DIy — H M* + 2]
relating M,and M. We can show that in this case

= I VERRET _p i (= 251 h@ = o) 310)
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The curves f; (Y)and f, (y) therefore have the same asymptote y = 2, and since
fs (¥) > f1 (7), the foregoing implies that M; > 1 in domain (1) and M, << { in
domains (2) and (3).

Converting from M2, 9 to the variables M, ¥ by means of transformation (3, 9),
we find that the indicated domains assume the form shown in Fig, 5 in the plane M,y
The curves f, (v) and f, (y)then become

—__3r=5 - 3.11
nM =G5 7" P.(1) =1 (3.11)

respectively,
The curve @y (7) shown in this figure cotresponds to shock waves of maximum inten-
sity and is obtainable from (3, 9) as
2 ia
lim M, = (g5 )" = 3.12
It is clear that only the part of the plane M,y which lies below this curve has physi-
cal meaning, -

4, We thus have 2 — f2<C 0 in domains (1) and (2) of Fig.5 and 2 — 2 > 0 in
domain (3) (except at the curve ¥ = 2), It is now easy to show that

o (21) = (4.1)

 Jay (B — 2)rarcsin (1, V22 4BV i—z) B+ Vi—z)™} () omdos
T\ —a,(2—B»"In¥Y () in domain (3)
228 VIi—a+ V- (1 F =)

B+ Vi—=

Turning now to (2, 3) and recalling (2. 1), we infer from (2,4)—(2.6) and (4.1) that
the formula for the pressure at the wall in domain (1), 1, e. for supersonic flows behind
the advancing shock, is indeed (as stated in [3]) a sum of four terms containing arc
cosines, As regards subsonic flows behind the advancing shock, the pressure formula is
a sum of terms with two arc cosines and two hyperbolic arc cosines as stated in [3] only
in domain (2),

In the subsonic cases which correspond to domain (3) of Fig. 5 the formula for the pres-
sure (as is evident from the relations derived above) is a sum of terms containing one
arc cosine and three hyperbolic arc cosines, Hence, in this case we have the third form
of the solution of the problem in question which appears to have been overlooked in [3].
Let us consider this case in more detail,

Substituting the values of J, (,) for domain (3) determined from (2, 1) into (2. 3),
we obtain the following expression for the pressure at the wall:

Y (2) =

| 2 a . 24a Vi—x; _
o= T/—a;_—zarc sin Vi V—i——zl) V2 lnlp(xl)
- V1+ 1n(P+(xl)+ V1+ 1n|(p_(.z:1)|——— (4'2)

Since the latter expression has a logarithmic singularity at the point Zy (— 1 <<
<< Ty << 1), it follows that the integration constant (, for the interval — 1 << 7, < x,
must also be determined from the condition p (— 1) = 0 ; in the interval z, < z; <
<C1 it must be determined from the condition p (1) = p.,where p, is the pressure at
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the point C of the shock (Figs.2 and 3),
In order to determine p. we must know the pressure distribution at the diffracted shock
BC . We can do this by integrating (1. 3),

p(a) = \Fy(2)dz, + C, (4.3)

The integration constant ), in this expression must be determined from the self-evident
condition p (o) = 0, This gives us the following formula for the pressure at the dif-
fracted shock in domain (3):

1y : T
—-—p-=slarccos( 14z ) +-l—;'-ln V1+zl—V2-—Bl__

" CEr e Vitat VIep
Vita— Vita
— §3 ln ——= e 4,
T ViFn+ Vit (4.4)
The coefficients s, — s in (4, 4) are given by
s —2me o 2 £ (@ +B)
YU kvVe—2' T kyE—2' k@ —A)@—A) Vit

Using the above method to determine the integration constant (,, we obtain the for-
mulas for the pressure at the wall in domain (3), namely

P _ 2+aVi—=m _ . 1 $(=)
%5 = 41 arccos Viat Viee tqzlnzv._ -+
+ahdeE g e (4.5)
for —1 <<z; < 2, and
P 24aVi—a . I ¥ @)
W~ = 1arccos Vet Viee) iq, nzV2
Vi—z©, (z) Vi—m|9_(a)]
- 1 LAk o A ol SE— Y | — - 4.6
bl i vies Vit viges  © 0
fOl'xo<z1<1-
Here
qQ S1, a2 89, gs kvms qs = kVi_—{-_x(;
VE—V1+:¢0
=sgln=— "2
gs = $31n Vit Vite

Equations (4, 5) and (4. 6) imply that the third form of the solution of the problem, i, e,
the formula for the pressure in domain (3) in Fig, 5 is indeed a sum of terms containing
a single arc cosine and three hyperbolic arc cosines,

The author is grateful to S, A, Khristianovich, S, V, Fal'kovich and B, I, Zaslavskii for
discussing the results and for their interest in the present study.
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